We show that, for Finsler spaces with cubic metric, Landsberg spaces are Berwaldian. Also, for decomposable metrics, we determine specific conditions for a space with cubic metric to be of Berwald type, thus refining the result in [6] .
Introduction
Spaces with cubic metric are studied by Matsumoto and Numata, [6] , [7] . They are Finsler spaces in a wider sense, [9] .
An interesting problem related to m-th root metric spaces is the following: is any Landsberg space with m-th root metric Berwaldian?
A partial answer for spaces with cubic metric with fundamental function F = 3 c 1 α 2 β + c 2 β 3 (where α 2 is a pseudo-Riemannian metric and β is a 1-form) is given by Lee and Jun, [5] . In what follows, we generalize this result: namely, for all cubic Finsler spaces (M, F ), F = 3 a ijk (x)y i y j y k with a ijk differentiable, if (M, F ) is of Landsberg type, then it is of Berwald type.
Also, for spaces whose fundamental function is decomposable as a product of two factorsF 3 = a · b, between a Riemannian metric a and a 1-form b on M, we show that (M,F ) is of Berwald type if and only if the 1-form b is parallelly transported with respect to the Levi-Civita connection of a. An analogous result is proven by Z. Shen for spaces with (α, β)-metrics of the form F = αφ( β α ), [11] .
The techniques we used mainly rely on expressing the involved geometrical objects in terms of the third power T = F 3 of the fundamental function, which is a polynomial function of the directional variables y i .
Spaces with cubic metric
Let M n be a differentiable manifold of dimension n and class C ∞ , T M its tangent bundle and (x i , y i ) the coordinates in a local chart on T M . Let F be the following function on M, :
(with a ijk symmetric in all its indices) and
In the following, for a function f = f (x, y), we shall denote by " , " and " · " the partial derivatives w.r.t. x and y, respectively. Also, if N is a nonlinear connection on T M, we denote by " ; " its associate covariant derivative
and we denote by null index transvection by y (for instance, T i0 = T ij y j ). 
where g ij denotes the contravariant version of the usual Finslerian metric tensor attached to F and
Hence, T ij and T ij can be used for raising and lowering indices of tensors. Moreover, T ij are polynomial functions of y, and T ij are rational functions of y.
Geodesics and canonical spray
In the following, we shall express the equations of geodesics of a cubic metric space and the related geometric objects in terms of T = F 3 of the fundamental function and of its derivatives.
Unit speed geodesics of (M, F ) are described by the Euler-Lagrange equation:
Taking into account the fact that, along such curves, F (x,ẋ) = 1, the above is equivalent to:
∂T ∂y i = 0. An easy computation leads to:
Consequently,
Proposition 2
1. In spaces with cubic metric the coefficients of the canonical spray, [1] , [8] , are rational functions of (y i ), given by
2. The canonical nonlinear connection has the coefficients:
We denote in the following by BΓ the Berwald connection, [1] , [2] determined by F = 
denote the coefficients of the canonical metrical connection CΓ attached to the Lagrange-type metric T ij , [8] .
Specific Landsberg&Berwald conditions for mth-root metrics
There are a lot of alternative definitions of Landsberg and Berwald-type Finsler spaces, [1] , [4] . In the present paper, we shall use the following: A Finsler space (M, F ) is a Landsberg space if: (1) the Cartan tensor C ijk satisfies C ijk|0 = 0, where the covariant derivative is taken with respect to the Berwald connection BΓ, or (2): the Berwald connection BΓ is metrical.
In Ladsberg spaces, the horizontal coefficients of the Cartan connection For Finsler spaces with m-th root metric (M, F ), we get more convenient such characterizations by using the third order derivatives T ijk (where T = F m ) instead of the Cartan tensor C ijk .
Using the results in [10] , we have proven in [3] , that 
Landsberg-Berwald equivalence
In the following, we show that Landsberg spaces with cubic metrics are Berwaldian.
Let
with a ijk = a ijk (x) of class at least 1, define a Landsberg space; according to the results in the previous section, this means
For a cubic metric, the third derivatives T ijk depend only on x, which entails
Taking into account that our space is a Landsberg one (i.e., L
Deriving by y l and taking into account that T ijk depend only on x, we get 
Further, for spaces with cubic metric, the inclusion Riemannian spaces ⊂ Berwald spaces is strict. Namely, the Berwald-Moor conformal space with
where σ(x) is a differentiable function, provides an example of Berwald cubic space, which is non-Riemannian.
Decomposable cubic metrics
Let us consider a space (M, F = 3 √ T ), where T decomposes as a product
where a = γ ij (x)y i y j is a Riemannian metric and b = b i (x) is a 1-form, such that:
For cubic spaces with T = F 3 as in (6), it is proven in [6] that the space is a Berwald one if and only if there exists some 1-form f ∈ X * M such that
where the covariant derivative is taken with respect to the Berwald connection determined by the "whole" fundamental function F = 3 √ ab. In the following, we shall find the relation between a and b such that the space (M, F = 3 √ ab) is Berwaldian; more precisely, we shall take into consideration the covariant derivatives
where ∇ denotes the Levi-Civita connection attached to γ ij . By direct computation, we get 
The inverse matrix has the entries
where the indices of b were raised by γ ih : 
where | denotes Berwald covariant derivative determined by F and
In the following, we shall express the above in terms of the m-th power of F , m ≥ 2; hence, let for the moment
Then, there hold the relations:
• The contravariant Finslerian metric tensorḡ ij is expressed in terms of T asḡ
•
Then, the last term in (8) is
Replacing into (8) and taking (9) into account, we get
Lemma 8 If (M, F ) and (M,F ) are two Finsler spaces on the same underlying manifold, then the coefficients of the corresponding canonical sprays are related by
We shall also use the following relations, which can be deduced by direct computation:
Let now G i be determined by the Riemannian metric γ ij (x), where a = γ ij (x)y i y j , andḠ i , by T =F 3 = a · b as above. Then, | i = ∇ i , and
and taking into account that
The cubic space (M,F ) is a Berwald one if and only if the functions 2Ḡ i are polynomial in y i . This is equivalent to the fact that the difference
is a polynomial function of degree 2 in y. There holds
, where T decomposes as a product
is of Berwald type, if and only if b is parallel with respect to a :
Proof: Let us suppose that (M,F = 3 √ ab) is Berwaldian and let us fix some arbitrary x ∈ M . Then 2B i are polynomials of degree 2 and hence, so are 2B i b i . By (11),
But, a − 2b 2 = 2b 2 − ∆, so we can write
Since the latter is a polynomial, ∆ divides the polynomial abb j r j (b) + 2b
Since a does not decompose in factors, a and b have no common factors; we notice that, in this case, b and ∆ are also relatively prime, hence ∆ | ab j r j (b) + 2b∇ 0 b.
Again, we have a = 4b 2 − ∆, and we get that ∆ | 4b
Both hand sides of the above are polynomials of degree 2 in y i , hence there exists some f = f (x) such that
By identifiying the coefficients in the above relation and taking into account that, by (11) 
Contracting with b i and taking into account that b i b i = 1, the above leads to
which yields
Replacing into (13), we have 4b
Let us come back now to the expression of 2B i :
The first one, T ij ar j (b), is
The commom denominator 2b∆ has to divide the numerator. In particular, b has to divide the numerator. The only term which does not contain b explicitely as a factor is a∆γ ij r j (b).
Since b has no common factors neither with a, nor with ∆, b has to divide the polynomial γ ij r j (b) (of degree 1). That is, there exists some φ = φ(x) such that 
Let's now look at relation (14): 
